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Abstract:

In this paper we prove that there exist some properties of operators that are invariant under
tensor product like posinormal, binormal, pseudo normal operators. But *—paranormalhas not

invariant under tensor product

Introduction

Let H be an infinite dimensional
separable complex  Hilbert space with
inner product (,) and let B(H) be the
algebra of all bounded linear operators on
H, given A, A, € B(H),the tensor product
A ® A,on the Hilbert space H®H has
been considered variously by many of
authors(see[1],[3], [12],[14] ).

The operation of taking tensor product
A ® A, preserves many properties of A and
A, €B(H) but by no means all of them
.Thus, whereas the normaloid property is

invariant under tensor products ,the
spectraloid property is not (see [15]p.623

,[15] p.631 ) again ,whereas A ® A,is
normal if and only if Ajand A, € B(H )are
[9 ] and is similarly for hyponormal
,subnormal ,normaloid , &—operator and
U -operator [ 4- 1,[5 1.[ 8],[9] it was shown
in [15 ]Jthat paranormal is not invariant
under tensor product .

The operator A is said to be strongly

stable if ‘A”x —0 as n—oofor all

xeH [4].

In this paper we prove there exist
another operators’ properties that are
invariant under tensor product like
posinormal, pseudo normal, binormal,
6 — adjoint operators.
2-We recall AeB(H) is called
posinormal operator if there exists an

operator P eB(H) such that AA" = A"PA

.P is called an interrupter of A. The set of
all posinormal operators on H is denoted

by P(H). A is called coposinormal if A" is
posinormal operator. [11]
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Theorem [2-1]
LetA eB(H,), i=12 ...,n and

AR®A®---®A, =0 on the Hilbert space
Hi®H, ®---®H, , AQAX®  -®A,
is a posinormal operator if and only if A ,
i=12,---,n , are all posinormal operators.

Proof :
By induction, it suffices to show that

if Ay ®A, is posinormal if and only if both
A and A, are.
Let A ®A, =0
then:-
(A®ANA®A) =(A®A)(ROPNA®A,)
AN ® A A —APA®AP,A =0
If AJA" and A'PA are linearly
independent then A,A; = A;P,A, =0 then
A, =0 contradiction

Hence Aj/A’ and A’P,A are linearly
dependent then A/A’ =rA'P A, .

If A,A; and ASP,A, are linearly
AA =A'PA =0 then

Hence A,A, and

is posinormal operator,

independent
A =0 contradiction
A;Py A
AA; =T IASPA,
Now to prove r=1

are linearly dependent then

AL =Iaa]=Idlaral<idalia |
= el A A =[rllA)°
hence 1<|r| and



||A2||2 :HAzA;

=l

=l =l la

APA | <Ir|

A A

hence 1£‘r‘1‘ it implies that r =1

<) tif A/ and A, are posinormal
operators then AA =APA and
AzA;:A;PzAz
(A, ®A,) (A, ®A,) =AA ®AA;
=A;PA, ®A,P,A,
=(A,®A,) (P.®P,)(A, ®A,)

then Ay ® A, is posinormal.

An operator A on a Hilbert space H
is said to be binormal operator if A*A
commutes with AA*. l.e. [A*A, AA*]:O.
We denote the class of binormal operators

by (BN). [2], [6]
Theorem [2-2]

LetA € B(H,),i=12,...,n
A®A ®--®A =0 on Hilbert space
Hi®H, ®---®H, , AQAX®  -®A,
is binormal operator if and only if each A
i=12,---,n , is binormal operator.

Proof :
By induction, it suffices to show that

if A;®A, is binormal if and only if both
A and A, are.
<) Suppose that A; ® A, =0 is binormal

operator, then
(A®A) (A ®A(A®A) =(A® A A®A) (A®A)

AAN @ AATA — ANZA ®AAPA, =0
If AS AZAS AAZA linearly
independent then A5AZA; = A A2A, =0
then A, =0 contradiction. Hence A’ A?A
and AA2A are linearly dependent then
AN =IAAA
Similarly 1f A;AZA;

and

and are

and A,A7ZA,

are linearly independent then
ATAA=AA?A =0 hence A =0
contradiction.  Hence  A;AZA;  and
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A,A?A, are linearly dependent then
A AZA =r"AA7ZA,
Now it must be proving that r=1.
| a2 =[r(marza )
=[] A A
il aas |
Hence |r| =1
Similarly
MM E r‘l(AZASZAZJ‘

- fead

= [ (as Az s )

implies that r=1 hence A and A, are
binormal operators.

=) on the other hand it is easy to see that if
A, and A, are binormal operators then
A ® A, is binormal operator.

We recall AeB(H) . Ais called a
pseudonormal operator if Ax=Ax for some
XxeH,Ae ¢, then A*x=Ax ,ie. .if x is
an eigenvector for A with eigenvalue A
then x is an eigenvector for A® with
eigenvalue 1 . [10]

It is clear that if o,(A)=0 then A is
a pseudonormal operator.

Theorem [2-3]
LetA € B (H,),i=L 2 ...,n

A®A ®---®A,=00n

Hi®H,®---®H, , A®A ®---®A,
is pseudonormal operator if and only if
each A, i=12,---,n , is pseudonormal

operator.
Proof :
By induction, it suffices to show that

A ®A, =0 is pseudo normal if and only if
both A, and A, are.

Let Ay ® A, =0 be pseudo normal operator
Let AXx=Ax and Ay=1y

Hence ‘r‘l‘ =1

and
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If (A ®A) (x®Y)=Au (x®Y)..........(2-1)
Then (A ®A)" (x®y) =Au (x®Y)...(2-2)
In  (2-1) if Ax,Axare linearly

independent then A,y =y =0 contradiction
hence AXx,Ax  are linearly dependent
Ax=tix but Axx=Ax then t=1

In (2-1) Ay, uy are linearly
independent then Ax=Ax=0 contradiction
Hence A,y,uy are linearly independent
then Ay =y then
tt=1

In (2-2)if A'x and Ax are linearly
independent then Ay = uy =0 then 1 =0
contradiction.
Hence A’x and Ax are linearly dependent
A X =X
Similarly
If A,y and y are linearly independent
then Ax=Ax=0 then A=0 contradiction.

Hence A;y and ;y are linearly dependent

Ay=t"uy  but

uy
Itisclear t=r=1
=) It is clear that

Ay =r

If A, and A, are

pseudo normal operators then A ®A, is
pseudo normal operator.
3-An operator AeB(H) is called an

_ 2
+—paranormal operator, if HA*XH < HAZXH

for every unit vector xeH . [13]

Proposition [3-1]
If A, and A, are =—paranormal
operators then sois AA®A, .
Proof :
Since Ajand A, are *—paranormaloperator
s ,then

[aéx|= [ ana [a2y] =
[a vz | sl
(A @A) (x©y) =[(A®A) (xoy)?

Hence A ® A, is*—paranormal.
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Remark [3-2]
If Ay ®A, is*x—paranormal operator,

then it may not be true that A, and A, are
*—paranormaloperators, for example:-

Let H=/,(¢), A:H —H define as
follows:- Ay (X, X,,...)=(0,0,%,,0,0,...)
It is easily checked that

A (X, Xo,...)=(0,%3,0,0,...)
Let x=(x;,0,X3,%g,...,)then Ax=(0,0,0...)

A?x=0 and HAfo:
Also A'x=(0,x3,0,...) and = x|
It is clear that A s
*—paranormaloperator

Next, Let A, be the unilateral shift
operator defined on the Hilbert space 7, (¢)

by
AZ(yliyZ!---)z(O, y]_,yz,...).

A;(YL y2,~--)=(y2, y3,...).Let

not

Recall that

y= (yl 0,0,. )one can easily check that
HAzyH ~[A5(y1.0 )ﬂ =0 +[g% +...=0
And

A2y = 1A, (A,y) = [A, 0. y,.0....)
= lof” +Iy.[” +[of" ..

=yl =Ivl
Supposey is unit vector, i.e. |y|=

Thus A, is *—paranormal operator
Moreover
2./l a2 2

42 . o1 = ] -0 -0
and
A®A (x®Y) =
Hence A; ® A, is*—paranormal operator.

Recall that  an operator AeB(H)
0—adjoint if A*=e'’A where R [7]
Theorem [3-3]

Let AeB(H;), i=12 ..,n and
A®A ®--®A #0 0N H,®H,®--®H,
ifeach A;,1=12,---,n ,is@—adjoint operator
thenA ® A, ®---® A IS &—adjoint operator.

—|xg*-0=0




Proof:

By induction, it suffices to show that
A®A #0 is H-adjoint if A, and A,
are @—adjoint operators.

If Af=e'%A and A5 =e'%2A, then
A ®A =eA ®e'”A, hence (A®A,)
Is 6, + 6, —adjoint operator.
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