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1. Introduction  

Many science disciplines, especially in observational studies of humans, wildlife, insects, fisheries, and plants, 

have the problem that observations recorded on individuals in these populations are biased and would not 

have the original distribution if each observation was not given an equal opportunity to be recorded. Weighted 

distribution theory provides a unified approach to correcting biases in unequally weighted sample data. Due 

to the importance of weighted distributions in many fields such as reliability (survival), biomedicine, 

environment, and fields of practical interest such as mathematics, probability, and statistics, there are 

different ways to add a shape parameter to the probability distribution model. Azzalini’s (1985) introduced 

form to add a shape parameter to several distributions, some of the researchers used this form such as, 

Hussian  (2013) [1] generalized version of the inverted exponential distribution created on Azzalini’s approach  

to obtain a new class which is named as weighted inverted exponential distribution. Nasiru (2015) [6] 

obtained a different weighted version of Weibull distribution named weighted Weibull distribution and 

derived some of its several statistical properties. Oguntunde et al. (2016) [7] presented a new weighted 

exponential distribution and discussed essential statistical properties of this distribution. Mudasir et al. 

(2018) [5] suggested weighted power distribution. Hussein, L. K. and et al. (2023) [2] presented a different 

distribution titled Modified Weighted Exponential Rayleigh 𝑴𝑾𝑬𝑹  distribution and derived some of its 

essential statistical properties.  
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The pdf of  𝑴𝑾𝑬𝑹 distribution is knowledge of the following formula [2]: 

𝒇(𝒙; 𝝁, 𝝆, 𝝋) =     (𝝁(𝟏 + 𝝋) + 𝝆(𝟏 + 𝝋)𝒙) 𝒆− (𝝁(𝟏+𝝋)𝒙 + 
𝝆(𝟏+𝝋)

𝟐
 𝒙𝟐)

 (1) 

where 𝒙 > 𝟎;  𝝁, 𝝆 > 𝟎 are scale parameters and 𝝋 > 𝟎 is shape parameter. 

 

 
Figure 1. Graph of pdf of 𝑴𝑾𝑬𝑹 distribution for 𝝁 = 𝝋 = 𝟎. 𝟏 and changed values of  (𝝆 =

𝟎. 𝟏, 𝟎. 𝟐, 𝟎. 𝟑, 𝟎. 𝟒, 𝟎. 𝟓, 𝟎. 𝟔, 𝟎. 𝟕 ) 
 

Equation of the cdf of 𝑴𝑾𝑬𝑹 is [2]: 

𝓕(𝒙; 𝝁, 𝝆, 𝝋) = 𝟏 −  𝒆− (𝝁(𝟏+𝝋)𝒙 + 
𝝆(𝟏+𝝋)

𝟐
 𝒙𝟐) … (𝟐) 

 

 
Figure 2. Graph of cdf of 𝑴𝑾𝑬𝑹 distribution for 𝝁 = 𝝋 = 𝟎. 𝟏 and changed values of  (𝝆 =

𝟎. 𝟏, 𝟎. 𝟐, 𝟎. 𝟑, 𝟎. 𝟒, 𝟎. 𝟓, 𝟎. 𝟔, 𝟎. 𝟕 ) 
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The reliability function of 𝑴𝑾𝑬𝑹 is known by [2] 

𝓡(𝒕; 𝝁, 𝝆,𝝋) =  𝒆− (𝝁(𝟏+𝝋)𝒕 + 
𝝆(𝟏+𝝋)

𝟐
 𝒕𝟐)     … (𝟑) 

 

 

 
Figure 3. Graph of reliability function of 𝑴𝑾𝑬𝑹 distribution for 𝝁 = 𝝋 = 𝟎. 𝟏   and changed values of  

 (𝝆 = 𝟎. 𝟏, 𝟎. 𝟐, 𝟎. 𝟑, 𝟎. 𝟒, 𝟎. 𝟓, 𝟎. 𝟔, 𝟎. 𝟕 ) 
 
 

The hazard rate function of 𝑴𝑾𝑬𝑹 is given in the following formula [2]:  

𝓗(𝒕; 𝝁, 𝝆, 𝝋) = 𝝁(𝟏 + 𝝋) + 𝝆(𝟏 + 𝝋)𝒕                  … (𝟒) 
 

 
Figure 4. Graph of hazard rate function of 𝑴𝑾𝑬𝑹 distribution for 𝝁 = 𝝋 = 𝟎. 𝟏 and changed values of   (𝝆 =

𝟎. 𝟏, 𝟎. 𝟐, 𝟎. 𝟑, 𝟎. 𝟒, 𝟎. 𝟓, 𝟎. 𝟔, 𝟎. 𝟕 ) 
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The reverse hazard rate function of 𝑴𝑾𝑬𝑹 is Knowledge of the formula [2]:  

𝓝(𝒕; 𝝁, 𝝆, 𝝋) =
(𝝁(𝟏 + 𝝋) + 𝝆(𝟏 + 𝝋)𝒕) 𝒆− (𝝁(𝟏+𝝋)𝒕 + 

𝝆(𝟏+𝝋)

𝟐
 𝒕𝟐) 

𝟏 −  𝒆− (𝝁(𝟏+𝝋)𝒕 + 
𝝆(𝟏+𝝋)

𝟐
 𝒕𝟐)

             … (𝟓) 

 

 
Figure 5. Graph of reverse hazard rate function of 𝑴𝑾𝑬𝑹 distribution for 𝝁 = 𝝋 = 𝟎. 𝟏 and changed values of  

 (𝝆 = 𝟎. 𝟏, 𝟎. 𝟐, 𝟎. 𝟑, 𝟎. 𝟒, 𝟎. 𝟓, 𝟎. 𝟔, 𝟎. 𝟕 ) 
 

The general form of the 𝒌𝒕𝒉 moment about the origin where 𝒌 = 𝟏, 𝟐, 𝟑, … is given by the formula [2]: 

𝙀(𝑿𝒌) = ∑
(−𝝁(𝟏 +  𝝋))

𝒘

𝒘!

∞

𝒘=𝟎

 𝟐 
𝒌+𝒘

𝟐

 𝝆 
𝒌+𝒘

𝟐   (𝟏 +  𝝋)
𝒌+𝒘

𝟐

[ 
𝝁 √𝝋 

√𝟐𝝆
 𝜞 ( 

𝒌 + 𝒘 + 𝟏

𝟐
 )

+  𝜞 ( 
𝒌 + 𝒘 + 𝟐

𝟐
 )]      … (𝟔) 

The Expected value: When we put 𝒌 = 𝟏 in equation (6) get the Expected value thus: 

𝙀(𝑿) = ∑
(−𝝁(𝟏 +  𝝋))

𝒘

𝒘!

∞

𝒘=𝟎

 𝟐 
𝟏+𝒘

𝟐

 𝝆 
𝟏+𝒘

𝟐   (𝟏 +  𝝋)
𝟏+𝒘

𝟐

[ 
𝝁 √𝝋  

√𝟐𝝆
 𝜞 ( 

𝒘 + 𝟐

𝟐
 ) +  𝜞 (

𝒘 + 𝟑

𝟐
 )]         … (𝟕) 

The Variance: The variance equation of 𝑴𝑾𝑬𝑹 distribution is given by the formula: 

𝑽(𝑿) = 𝙀(𝑿𝟐) − [𝙀(𝑿)]𝟐 

http://www.anjs.edu.iq/
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𝑽(𝑿) = [∑
(−𝝁(𝟏 +  𝝋))𝒘

𝒘!

∞

𝒘=𝟎

 𝟐 
𝟐+𝒘

𝟐

 𝝆 
𝟐+𝒘

𝟐   (𝟏 +  𝝋)
𝟐+𝒘

𝟐

[ 
𝝁 √𝝋 

√𝟐𝝆
 𝜞 ( 

𝒘 + 𝟑

𝟐
 )

+  𝜞 ( 
𝒘 + 𝟒

𝟐
 )]]− [∑

(−𝝁(𝟏 +  𝝋))𝒘

𝒘!

∞

𝒘=𝟎

 𝟐 
𝟏+𝒘

𝟐

 𝝆 
𝟏+𝒘

𝟐   (𝟏 +  𝝋)
𝟏+𝒘

𝟐

[ 
𝝁 √𝝋  

√𝟐𝝆
 𝜞 ( 

𝒘 + 𝟐

𝟐
 )

+  𝜞 (
𝒘 + 𝟑

𝟐
 )] ]

𝟐

         … (𝟖) 

Equation (9) gives the formula of the moment generating function of 𝑴𝑾𝑬𝑹 distribution [2]: 

𝓜𝓧(𝒕) = ∑
(−(𝝁(𝟏 + 𝝋) − 𝒕))

𝒘

𝒘!

∞

𝒘=𝟎

 𝟐 
𝒘

𝟐

 𝝆 
𝒘

𝟐  (𝟏 + 𝝋)
𝒘

𝟐

[ 
𝝁 √𝝋 

√𝟐𝝆
 𝜞 ( 

𝒘 + 𝟏

𝟐
 ) +  𝜞 ( 

𝒘 + 𝟐

𝟐
 )]       … (𝟗) 

 

The factorial moment generating function equation of 𝑴𝑾𝑬𝑹 distribution can be found by [2]: 

𝓜(𝒕) = ∑
(−(𝝁(𝟏 + 𝝋) − 𝐥𝐧(𝒕)))

𝒘

𝒘!

∞

𝒘=𝟎

 𝟐 
𝒘

𝟐

 𝝆 
𝒘

𝟐  (𝟏 + 𝝋)
𝒘

𝟐

[ 
𝝁 √𝝋 

√𝟐𝝆
 𝜞 ( 

𝒘 + 𝟏

𝟐
 ) +  𝜞 ( 

𝒘 + 𝟐

𝟐
 )]     … (𝟏𝟎) 

 

Equation of the characteristic function of 𝑴𝑾𝑬𝑹 distribution is Knowledge of the formula [2]: 

𝓒𝔁(𝒊𝒕) = ∑
(−(𝝁(𝟏 + 𝝋) − 𝐢𝐭))𝒘

𝒘!

∞

𝒘=𝟎

 𝟐 
𝒘

𝟐

 𝝆 
𝒘

𝟐  (𝟏 + 𝝋)
𝒘

𝟐

[ 
𝝁 √𝝋

√𝟐𝝆
 𝜞 ( 

𝒘 + 𝟏

𝟐
 ) +  𝜞 ( 

𝒘 + 𝟐

𝟐
 )]      … (𝟏𝟏) 

 

2. Classical Estimation 

2.1. Maximum likelihood estimation 

Let 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛) be a random sample drawn independently from 𝑀𝑊𝐸𝑅 distribution and it has pdf known 

in equation (1). So the formula of the complete data likelihood function ℒ(𝜇, 𝜌, 𝜑 | 𝑥 )𝑀𝐿𝐸  is, 

ℒ(𝜇, 𝜌, 𝜑 | 𝑥 )𝑀𝐿𝐸 = ∏𝑓(𝑥𝑞;

𝑤

𝑞=1

𝜇, 𝜌, 𝜑)  

ℒ(𝜇, 𝜌, 𝜑 | 𝑥 )𝑀𝐿𝐸 = ∏[(𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥𝑗) 𝑒
−(𝜇(1+𝜑)𝑥𝑞 + 

𝜌(1+𝜑)

2
𝑥𝑞

2)]

𝑤

𝑞=1

   … (12)  

 From which we calculate the natural log – likelihood function: 

 
ℓ𝑀𝐿𝐸 = 𝑙𝑛 ℒ(𝜇, 𝜌, 𝜑 | 𝑥 )𝑀𝐿𝐸      

 ℓ𝑀𝐿𝐸  = ∑ 𝑙𝑛(𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥𝑞) − ∑    

𝑤

𝑞=1

𝑤

𝑞=1

(𝜇(1 + 𝜑)𝑥𝑞 +
𝜌(1 + 𝜑)

2
 𝑥𝑞

2)     … (13) 

 

We derive an equation (13) partially with respect to 𝜇, 𝜌 and 𝜑 and then we set it equal to zero to produce, 

𝜕ℓ𝑀𝐿𝐸

𝜕𝜇 
= (1 + 𝜑 ) ∑

1

𝜇(1 + 𝜑 ) + 𝜌 (1 + 𝜑 )𝑥𝑞

𝑤

𝑞=1

− (1 + 𝜑 ) ∑ 𝑥𝑞 = 0

𝑤

𝑞=1

         … (14) 

𝜕ℓ𝑀𝐿𝐸

𝜕𝜌
= (1 + 𝜑 )∑

𝑥𝑗

𝜇(1 + 𝜑 ) + 𝜌 (1 + 𝜑 )𝑥𝑞

𝑤

𝑞=1

−
(1 + 𝜑 )

2
∑  𝑥𝑞

2

𝑤

𝑞=1

= 0          … (15) 

http://www.anjs.edu.iq/
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𝜕ℓ𝑀𝐿𝐸

𝜕𝜑
= ∑

𝜇 + 𝜌𝑥𝑗

𝜇(1 + 𝜑 ) + 𝜌 (1 + 𝜑 )𝑥𝑞

𝑤

𝑞=1

− 𝜇 ∑ 𝑥𝑞 −

𝑤

𝑞=1

𝜌  

2
∑  𝑥𝑞

2

𝑤

𝑞=1

= 0              … (16) 

By resolving equations (14), (15) and (16) gotten the 𝑀𝐿𝐸  symbolized by �̂�𝑀𝐿𝐸 , �̂�𝑀𝐿𝐸  and �̂�𝑀𝐿𝐸 . Since these 

equations are non-linear, so, Newton – Raphson process can be used to get the resolve as follows such that ℎ =
0,1,2, … 

[

�̂�𝑀𝐿𝐸
(ℎ+1)

�̂�𝑀𝐿𝐸
(ℎ+1)

�̂�𝑀𝐿𝐸
(ℎ+1)

] = [

�̂�𝑀𝐿𝐸
(ℎ)

�̂� 𝑀𝐿𝐸

�̂�𝑀𝐿𝐸
(ℎ)

(ℎ) ]  

−𝒥(ℎ)
−1

[
 
 
 
 
 
 
𝜕ℓ𝑀𝐿𝐸

𝜕𝜇 

𝜕ℓ𝑀𝐿𝐸

𝜕𝜌

𝜕ℓ𝑀𝐿𝐸

𝜕𝜑 ]
 
 
 
 
 
 

𝜇=�̂�𝑀𝐿𝐸
(ℎ)

𝜌=�̂� 𝑀𝐿𝐸

𝜑=�̂�𝑀𝐿𝐸
(ℎ)

(ℎ)

 

where 

𝒥(ℎ) =

[
 
 
 
 
 
 
𝜕2ℓ𝑀𝐿𝐸

𝜕𝜇2
      

𝜕2ℓ𝑀𝐿𝐸

𝜕𝜇𝜕𝜌
    

𝜕2ℓ𝑀𝐿𝐸

𝜕𝜇𝜕𝜑
 

𝜕2ℓ𝑀𝐿𝐸

𝜕𝜌𝜕𝜇
      

𝜕2ℓ𝑀𝐿𝐸

𝜕𝜌2
     

𝜕2ℓ𝑀𝐿𝐸

𝜕𝜌𝜕𝜑

𝜕2ℓ𝑀𝐿𝐸

𝜕𝜑𝜕𝜇
      

𝜕2ℓ𝑀𝐿𝐸

𝜕𝜑𝜕𝜌
     

𝜕2ℓ𝑀𝐿𝐸

𝜕𝜑2
 ]

 
 
 
 
 
 

 

𝜇=�̂�𝑀𝐿𝐸
(ℎ)

𝜌=�̂� 𝑀𝐿𝐸

𝜑=�̂�𝑀𝐿𝐸
(ℎ)

(ℎ)

 

 

Equations (14), (15) and (16) represent the first partial derivatives and the second partial derivatives are 

given as follows, 

𝜕2ℓ𝑀𝐿𝐸

𝜕𝜇2
= −(1 + 𝜑 )2 ∑

1

(𝜇(1 + 𝜑 ) + 𝜌(1 + 𝜑 )𝑥𝑞)
2

𝑤

𝑞=1

    … (17) 

𝜕2ℓ𝑀𝐿𝐸

𝜕𝜌2
= −(1 + 𝜑 )2 ∑

 𝑥𝑗
2

(𝜇(1 + 𝜑 ) + 𝜌(1 + 𝜑)𝑥𝑞)
2

𝑤

𝑞=1

    … (18) 

𝜕2ℓ𝑀𝐿𝐸

𝜕𝜑2
= − ∑

(𝛼 + 𝜌𝑥𝑗  )
2

(𝜇(1 + 𝜑 ) + 𝜌(1 + 𝜑 )𝑥𝑞)
2

𝑤

𝑞=1

          … (19) 

𝜕2ℓ𝑀𝐿𝐸

𝜕𝜇𝜕𝜌
=  

𝜕2ℓ𝑀𝐿𝐸

𝜕𝜌𝜕𝜇
= −(1 + 𝜑 )2 ∑

𝑥𝑗

(𝜇(1 + 𝜑 ) + 𝜌(1 + 𝜑 )𝑥𝑞)
2

𝑤

𝑞=1

    … (20) 

𝜕2ℓ𝑀𝐿𝐸

𝜕𝜇𝜕𝜑
= 

𝜕2ℓ𝑀𝐿𝐸

𝜕𝜑𝜕𝜇
= −∑ 𝑥𝑞

𝑤

𝑞=1
            … (21) 

𝜕2ℓ𝑀𝐿𝐸

𝜕𝜌𝜕𝜑
=  

𝜕2ℓ𝑀𝐿𝐸

𝜕𝜑𝜕𝜌
= −

1

2
∑  𝑥𝑞

2
𝑤

𝑞=1
       … (22) 
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Now, Now, based on an invariant property of the 𝑀𝐿𝐸 estimator, the reliability function at mission time (t) of 

the 𝑀𝑊𝐸𝑅 distribution can be obtained by replacing 𝜇, 𝜌 and 𝜑  in equation (3), by their 𝑀𝐿𝐸 estimators as 

follows: 

ℛ̂𝑀𝐿𝐸(𝑡; 𝜇, 𝜌, 𝜑) = exp(−(�̂�𝑀𝐿𝐸(1 + �̂�𝑀𝐿𝐸)𝑡 + 
�̂�𝑀𝐿𝐸 (1 + �̂�𝑀𝐿𝐸)

2
 𝑡2))      … (23) 

 

2.2. Rank set sampling estimation [3] 

In this estimation the p.d.f. of  𝑀𝑊𝐸𝑅 distribution is Knowledge as follows: 

𝑓(𝑥(𝑞)) =
𝑤!

(𝑞 − 1)! (𝑤 − 𝑞)!
[ℱ(𝑥(𝑞))]

𝑞−1
[1 − ℱ(𝑥(𝑞))]

𝑤−𝑞
𝑓(𝑥(𝑞))       … (24) 

Let 

𝐵 =
𝑤!

(𝑞 − 1)! (𝑤 − 𝑞)!
 

𝑓(𝑥(𝑞)) = 𝐵 [𝜇(1 + 𝜑)

+ 𝜌(1 + 𝜑)𝑥(𝑞) ] [1

− 𝑒
−(𝜇(1+𝜑)𝑥(𝑞) +  

𝜌(1+𝜑)

2
𝑥(𝑞)
2 )]

𝑞−1

[𝑒−(𝜇(1+𝜑)𝑥(𝑞) + 
𝜌(1+𝜑)

2
𝑥(𝑞)

2 )]
𝑤−𝑗+1

        … (25) 

The complete data likelihood function ℒ(𝜇, 𝜌, 𝜑 | 𝑥 )𝑅𝑆𝑆 for order sample (𝑥(1), 𝑥(2), … , 𝑥(𝑤)) is, 

ℒ(𝜇, 𝜌, 𝜑 | 𝑥 )𝑅𝑆𝑆 = 𝐵𝑤 ∏[𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥(𝑞) ]

𝑤

𝑞=1

 

∏ [1 − 𝑒−(𝜇(1+𝜑)𝑥(𝑞)+ 
𝜌(1+𝜑)

2
𝑥(𝑞)

2 )]
𝑞−1

  

𝑤

𝑞=1

 

∏ [𝑒−(𝜇(1+𝜑)𝑥(𝑞)+ 
𝜌(1+𝜑)

2
𝑥(𝑞)

2 )]
𝑤−𝑞+1

𝑤

𝑞=1

 

Taking the natural log – likelihood function we get: 

 
ℓ𝑅𝑆𝑆 = 𝑙𝑛 ℒ(𝜇, 𝜌, 𝜑 | 𝑥 )𝑅𝑆𝑆 

ℓ𝑅𝑆𝑆 = 𝑤 ln𝐵 + ∑ 𝑙𝑛

𝑤

𝑞=1

[𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥(𝑞) ]  + ∑(𝑞 − 1)𝑙𝑛

𝑤

𝑞=1

[1 − 𝑒
−(𝜇(1+𝜑)𝑥(𝑞) + 

𝜌(1+𝜑)

2
𝑥(𝑞)

2 )
]

− ∑(𝑤 − 𝑞 + 1) [𝜇(1 + 𝜑)𝑥(𝑞) + 
𝜌(1 + 𝜑)

2
𝑥(𝑞)

2  ]

𝑤

𝑞=1

        … (26) 

We derive equation (26) partially with respect to 𝜇, 𝜌 and 𝜑 and then we set it equal to zero to produce, 

𝜕ℓ𝑅𝑆𝑆

𝜕𝜇 
= (1 + 𝜑) ∑

1

𝜇(1 + 𝜑) +  𝜌(1 + 𝜑)𝑥(𝑞)

𝑤

𝑞=1

− (1 + 𝜑) ∑(𝑤 − 𝑞 + 1) 𝑥(𝑞)

𝑤

𝑞=1

+ (1 + 𝜑) ∑
(𝑞 − 1) 𝑥(𝑞) 𝑒

−(𝜇(1+𝜑)𝑥(𝑞)+ 
𝜌(1+𝜑)

2
𝑥(𝑞)

2 )

1 − 𝑒
−(𝜇(1+𝜑)𝑥(𝑞) + 

𝜌(1+𝜑)

2 
𝑥(𝑞)

2 )

𝑤

𝑞=1

= 0             … (27) 
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𝜕ℓ𝑅𝑆𝑆

𝜕𝜌 
= (1 + 𝜑) ∑

𝑥(𝑗)

𝜇(1 + 𝜑) +  𝜌(1 + 𝜑)𝑥(𝑞)

𝑤

𝑞=1

− (1 + 𝜑) ∑(𝑤 − 𝑞 + 1)

𝑤

𝑞=1

(
𝑥(𝑞)

2

2
)

+ (1 + 𝜑) ∑
(𝑞 − 1) (

𝑥(𝑞)
2

2
)  𝑒

−(𝜇(1+𝜑)𝑥(𝑞) + 
𝜌(1+𝜑)

2 
𝑥(𝑞)

2 )

1 − 𝑒
−(𝜇(1+𝜑)𝑥(𝑞)+ 

𝜌(1+𝜑)

2
𝑥(𝑞)

2 )

𝑤

𝑞=1

= 0        … (28) 

𝜕ℓ𝑅𝑆𝑆

𝜕𝜑 
= ∑

𝜇 + 𝜌 𝑥(𝑞)

𝜇(1 + 𝜑) +  𝜌(1 + 𝜑)𝑥(𝑞)

𝑤

𝑞=1

− ∑(𝑤 − 𝑞 + 1)

𝑤

𝑞=1

(𝜇𝑥(𝑞)  +  
𝜌

2 
𝑥(𝑞)

2 )

+ ∑
(𝑞 − 1) (𝜇𝑥(𝑞)  +  

𝜌

2 
𝑥(𝑞)

2 )  𝑒
−(𝜇(1+𝜑)𝑥(𝑞) + 

𝜌(1+𝜑)

2 
𝑥(𝑞)

2 )

1 − 𝑒
−(𝜇(1+𝜑)𝑥(𝑞)+ 

𝜌(1+𝜑)

2
𝑥(𝑞)

2 )

𝑤

𝑞=1

= 0    … (29)    

 

And by resolving equations (27), (28) and (29) we get the 𝑅𝑆𝑆 estimators symbolized by �̂�𝑅𝑆𝑆, �̂�𝑅𝑆𝑆  and �̂�𝑅𝑆𝑆. 

Since these equations are non-linear, so, Newton – Raphson process can be used to get the resolve as follows 

such that ℎ = 0,1,2, … 

[

�̂�𝑅𝑆𝑆
(ℎ+1)

�̂�𝑅𝑆𝑆
(ℎ+1)

�̂�𝑅𝑆𝑆 
(ℎ+1)

] = [

�̂�𝑅𝑆𝑆
(ℎ)

�̂� 𝑅𝑆𝑆

�̂�𝑅𝑆𝑆 
(ℎ)

(ℎ) ] − 𝒥(ℎ)
−1

[
 
 
 
 
 
 
𝜕ℓ𝑅𝑆𝑆

𝜕𝜇 

𝜕ℓ𝑅𝑆𝑆

𝜕𝜌

𝜕ℓ𝑅𝑆𝑆

𝜕𝜑 ]
 
 
 
 
 
 

𝜇=�̂�𝑅𝑆𝑆 
(ℎ)

𝜌=�̂� 𝑅𝑆𝑆 

𝜑=�̂�𝑅𝑆𝑆 
(ℎ)

(ℎ)

   

where 

𝒥(ℎ) =

[
 
 
 
 
 
 
𝜕2ℓ𝑅𝑆𝑆

𝜕𝜇2
      

𝜕2ℓ𝑅𝑆𝑆

𝜕𝜇𝜕𝜌
    

𝜕2ℓ𝑅𝑆𝑆

𝜕𝜇𝜕𝜑
 

𝜕2ℓ𝑅𝑆𝑆

𝜕𝜌𝜕𝜇
      

𝜕2ℓ𝑅𝑆𝑆

𝜕𝜌2
     

𝜕2ℓ𝑅𝑆𝑆

𝜕𝜌𝜕𝜑

𝜕2ℓ𝑅𝑆𝑆

𝜕𝜑𝜕𝜇
      

𝜕2ℓ𝑅𝑆𝑆

𝜕𝜑𝜕𝜌
     

𝜕2ℓ𝑅𝑆𝑆

𝜕𝜑2
 ]

 
 
 
 
 
 

𝜇=�̂�𝑅𝑆𝑆 
(ℎ)

𝜌=�̂� 𝑅𝑆𝑆 

𝜑=�̂�𝑅𝑆𝑆 
(ℎ)

(ℎ)

 

Equations (27), (28) and (29) represent the first partial derivatives and the second partial derivatives are 

known, 

𝜕2ℓ𝑅𝑆𝑆

𝜕𝜇2
= −(1 + 𝜑)2 ∑

1

(𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥(𝑞))
2

𝑤

𝑞=1

− (1 + 𝜑)2 ∑
(𝑗 − 1) 𝑒

−(𝜇(1+𝜑)𝑥(𝑞) + 
𝜌(1+𝜑)

2
𝑥(𝑞)

2 )
(𝑥(𝑞)

2 )

1 − 𝑒
−(𝜇(1+𝜑)𝑥(𝑞) + 

𝜌(1+𝜑)

2
𝑥(𝑞)

2 )

𝑤

𝑞=1

− (1 + 𝜑)2 ∑
(𝑞 − 1) 𝑒

−2 (𝜇(1+𝜑)𝑥(𝑞) + 
𝜌(1+𝜑)

2
𝑥(𝑞)

2 )
(𝑥(𝑞)

2 )

[1 − 𝑒
−(𝜇(1+𝜑)𝑥(𝑞) + 

𝜌(1+𝜑)

2
𝑥(𝑞)

2 )
]2

            … (30)

𝑤

𝑞=1

 

𝜕2ℓ𝑅𝑆𝑆

𝜕𝜌2
= −(1 + 𝜑)2 ∑

𝑥(𝑞)
2

[𝜇(1 + 𝜑) + 𝜌 (1 + 𝜑)𝑥(𝑞)]
2

𝑤

𝑞=1

 − (1 + 𝜑)2 ∑
(𝑞 − 1) 𝑒

−(𝜇(1+𝜑)𝑥(𝑞) + 
𝜌(1+𝜑)

2
𝑥(𝑞)

2 )
(
𝑥(𝑞)

4

4
)

1 − 𝑒
−(𝜇(1+𝜑)𝑥(𝑞) + 

𝜌(1+𝜑)

2
𝑥(𝑞)

2 )

𝑤

𝑞=1

−  (1 +  𝜑)2 ∑
(𝑞 − 1) 𝑒

−2 (𝜇(1+𝜑)𝑥(𝑞) + 
𝜌(1+𝜑)

2
𝑥(𝑞)

2 )
(
𝑥(𝑞)

4

4
)

[1 − 𝑒
−(𝜇(1+𝜑)𝑥(𝑞)+ 

𝜌(1+𝜑)

2
𝑥(𝑞)

2 )
]2

           … (31)

𝑤

𝑞=1
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𝜕2ℓ𝑅𝑆𝑆

𝜕𝜑2 
= − ∑

(𝜇 + 𝜌𝑥𝑞)
2

[𝜇(1 + 𝜑) +  𝜌(1 + 𝜑)𝑥𝑞]
2

𝑤

𝑞=1

 − ∑
(𝑞 − 1) (𝜇𝑥(𝑞)  +  

𝜌

2 
𝑥(𝑞)

2 )
2
 𝑒

−(𝜇(1+𝜑)𝑥(𝑞) + 
𝜌(1+𝜑)

2 
𝑥(𝑞)

2 )

1 − 𝑒
−(𝜇(1+𝜑)𝑥(𝑞)+ 

𝜌(1+𝜑)

2
𝑥(𝑞)

2 )

𝑤

𝑞=1

− ∑
(𝑞 − 1)(𝜇𝑥(𝑞)  +  

𝜌

2 
𝑥(𝑞)

2 )2 𝑒
−2 (𝜇(1+𝜑)𝑥(𝑞) + 

𝜌(1+𝜑)

2 
𝑥(𝑞)

2 )

[1 − 𝑒
−(𝜇(1+𝜑)𝑥(𝑞)+ 

𝜌(1+𝜑)

2
𝑥(𝑞)

2 )
]2

        … (32)

𝑤

𝑞=1

 

 

𝜕2ℓ𝑅𝑆𝑆

𝜕𝜇𝜕𝜌
=

𝜕2ℓ𝑅𝑆𝑆

𝜕𝜌𝜕𝜇
= −(1 + 𝜑)2 ∑

𝑥(𝑞)

[𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥(𝑞)]
2

𝑤

𝑞=1

− (1 + 𝜑)2 ∑
(𝑞 − 1) 𝑒−(𝜇(1+𝜃)𝑥(𝑞) + 

𝜌(1+𝜃)

2
𝑥(𝑞)

2 ) (
𝑥(𝑞)

3

2
)

1 − 𝑒−(𝜇(1+𝜑)𝑥(𝑞)+ 
𝜌(1+𝜑)

2
𝑥(𝑞)

2 )

𝑤

𝑞=1

− (1 + 𝜑)2 ∑
(𝑞 − 1) 𝑒−2 (𝜇(1+𝜑)𝑥(𝑞) + 

𝜌(1+𝜑)

2
𝑥(𝑞)

2 ) (
𝑥(𝑞)

3

2
)

[1 −  𝑒−(𝜇(1+𝜑)𝑥(𝑞)+ 
𝜌(1+𝜑)

2
𝑥(𝑞)

2 )]2
                  … (33)

𝑤

𝑞=1

 

𝜕2ℓ𝑅𝑆𝑆

𝜕𝜇𝜕𝜑
=

𝜕2ℓ𝑅𝑆𝑆

𝜕𝜑𝜕𝜇
=  ∑

(𝑞 − 1) 𝑥(𝑞) 𝑒
−(𝜇(1+𝜑)𝑥(𝑞) + 

𝜌(1+𝜑)

2
𝑥(𝑞)

2 )

1 − 𝑒
−(𝜇(1+𝜑)𝑥(𝑞)+ 

𝜌(1+𝜑)

2
𝑥(𝑞)

2 )

𝑤

𝑞=1

 [1 − (𝜇(1 + 𝜑)𝑥(𝑞)  +  
𝜌(1 + 𝜑)

2
𝑥(𝑞)

2 )] − ∑(𝑤 − 𝑞 + 1)𝑥(𝑞)

𝑤

𝑞=1

− (1 + 𝜑) ∑
(𝑞 − 1) (𝜇𝑥(𝑞)  +  

𝜌

2
𝑥(𝑞)

2 )  𝑥(𝑞) 𝑒
−2 (𝜇(1+𝜑)𝑥(𝑞) + 

𝜌(1+𝜑)

2
𝑥(𝑞)
2 )

[1 −  𝑒
−(𝜇(1+𝜑)𝑥(𝑞)+ 

𝜌(1+𝜑)

2
𝑥(𝑞)
2 )

]

2             … (34)

𝑤

𝑞=1

 

𝜕2ℓ𝑅𝑆𝑆

𝜕𝜑𝜕𝜌
=

𝜕2ℓ𝑅𝑆𝑆

𝜕𝜌𝜕𝜑
= ∑

(𝑞 − 1) (
𝑥(𝑞)

2

2
)  𝑒−(𝜇(1+𝜑)𝑥(𝑞) + 

𝜌(1+𝜑)

2
𝑥(𝑞)

2 )

1 − 𝑒
−(𝜇(1+𝜑)𝑥(𝑞)+ 

𝜌(1+𝜑)

2
𝑥(𝑞)

2 )

𝑤

𝑞=1

 [1 − (𝜇(1 + 𝜑)𝑥(𝑞)  +  
𝜌(1 + 𝜑)

2
𝑥(𝑞)

2 )]

− (1 + 𝜑)∑
(𝑞 − 1) (𝜇 𝑥(𝑞)  +  

𝜌

2
𝑥(𝑞)

2 ) (
𝑥(𝑞)
2

2
)  𝑒

−2 (𝜇(1+𝜑)𝑥(𝑞) + 
𝜌(1+𝜑)

2
𝑥(𝑞)
2 )

[1 −  𝑒
−(𝜇(1+𝜑)𝑥(𝑞)+ 

𝜌(1+𝜑)

2
𝑥(𝑞)
2 )

]

2

𝑤

𝑞=1

− ∑(𝑤 − 𝑞 + 1) (
𝑥(𝑞)

2

2
)            … (35)

𝑤

𝑞=1

 

Now, Now, based on an invariant property of the 𝑅𝑆𝑆 estimator, the reliability function at mission time (t) of 

the 𝑀𝑊𝐸𝑅 distribution can be obtained by replacing 𝜇, 𝜌 and 𝜑  in equation (3), by their 𝑅𝑆𝑆 estimators as 

follows: 

ℛ̂𝑅𝑆𝑆(𝑡; 𝜇, 𝜌, 𝜑) = exp(−(�̂�𝑅𝑆𝑆(1 + �̂�𝑅𝑆𝑆) 𝑡 + 
�̂�𝑅𝑆𝑆 (1 + �̂�𝑅𝑆𝑆)

2
 𝑡2))       … (36) 

2.3. Maximum entropy estimation [4][8] 

The term of entropy was discussed by Ludwig Boltzmann in statistical mechanics. One of the important 

procedures is the Boltzmann-Gibbs - Shannon entropy 
 

𝑆ℎ = −∫ 𝑙𝑛 𝑓(𝑥) 𝑓(𝑥) 𝑑𝑥        … (37)

∞

0

 

 

where 𝑓(𝑥) is the probability density function of 𝑋 and 𝑋 is continuous non-negative random variable. The 

information used in the principle of maximum entropy 𝑀𝐸 is defined as a set of constraints  𝐶𝑗 established 

expectations of functions 𝑇𝑖(𝑥) as follows: 
 

𝐸[𝑇𝑖(𝑥)] = ∫ 𝑇𝑖(𝑥) 𝑓(𝑥) 𝑑𝑥 = 𝐶𝑖

∞

0

  ; 𝑖 = 1,2,3,… , 𝑛         … (38) 

 

The 𝑀𝐸 distributions appear by maximizing the particular form of entropy, subject to Equation (38) and the 

additional constraint: 
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∫ 𝑓(𝑥)𝑑𝑥 = 1

∞

0

         … (39) 

The maximization is reached by the Lagrange multipliers method, such that the general solution form of the 

𝑀𝐸 distribution from maximizing equation (37) is given by: 

 

𝑓(𝑥) = exp [−𝜌0 − ∑ 𝜌𝑖

𝑤

𝑖=1

 𝑇𝑖(𝑥)]        … (40) 

 

Such that the restraint in equation (38) linked to the Lagrange multipliers 𝜌𝑖  and the added restraint in 

equation (39) linked to the Lagrange multiplier 𝜌0.  To estimate the unknown parameters and the reliability 

function of the 𝑀𝑊𝐸𝑅 distribution via maximum entropy 𝑀𝐸 method there exist four stages: 
 

Stage 1: Explanation of appropriate restraints. Take the normal logarithm from equation (1), we become: 

 𝑙𝑛 𝑓(𝑥; 𝜇, 𝜌, 𝜑)  = 𝑙𝑛(𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥) − (𝜇(1 + 𝜑)𝑥 + 
𝜌(1 + 𝜑)

2
𝑥2)      … (41) 

Now equation (41) multiplying it by [− 𝑓(𝑥; 𝜇, 𝜌, 𝜑)] and integrating on 0 ≤ 𝑥 < ∞ we become: 

 

𝑆ℎ = −∫ [𝑙𝑛(𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥) − (𝜇(1 + 𝜑)𝑥 + 
𝜌(1 + 𝜑)

2
𝑥2) ] 𝑓(𝑥; 𝜇, 𝜌, 𝜑) 𝑑𝑥

∞

0

       … (42) 

The 𝑀𝑊𝐸𝑅 density function in equation (42) must be achieve 

 

∫ 𝑓(𝑥; 𝜇, 𝜌, 𝜑) 𝑑𝑥 = 1

∞

0

= 𝐶1         … (43) 

∫ 𝑙𝑛(𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥) 𝑓(𝑥; 𝜇, 𝜌, 𝜑)𝑑𝑥 = 𝐸[

∞

0

𝑙𝑛(𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥)] =  𝐶2          … (44) 

−∫ (𝜇(1 + 𝜑)𝑥 +  
𝜌(1 + 𝜑)

2
𝑥2)  𝑓(𝑥; 𝜇, 𝜌, 𝜑) 𝑑𝑥 = −𝐸[

∞

0

(𝜇(1 + 𝜑)𝑥 + 
𝜌(1 + 𝜑)

2
𝑥2)] = 𝐶3       … (45) 

where 𝐶1, 𝐶2 and 𝐶3 are restraints. 

 

Stage 2: Building of the Lagrange multipliers 

By 

𝑓(𝑥) = exp[−𝜌0 − ∑ 𝜌𝑖
𝑤
𝑖=1  𝑇𝑖(𝑥)] and when 𝑤 = 2 

𝑓(𝑥; 𝜇, 𝜌, 𝜑) = exp [−𝜌0 − 𝜌1𝑙𝑛(𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥) +  𝜌2 (𝜇(1 + 𝜑)𝑥 + 
𝜌(1 + 𝜑)

2
𝑥2)]   … (46) 

Substituting equation (46) in equation (43) results: 

∫ 𝑒𝑥𝑝[−𝜌0 − 𝜌1𝑙𝑛(𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥) + 𝜌2 (𝜇(1 + 𝜑)𝑥 + 
𝜌(1 + 𝜑)

2
𝑥2) ] 𝑑𝑥 = 1

∞

0

     … (47) 

𝑒𝑥𝑝(𝜌0) =∫(𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥)−𝜌1 𝑒𝑥𝑝[ 𝜌2 (𝜇(1 + 𝜑) 𝑥 + 
𝜌(1 + 𝜑)

2
𝑥2)] 𝑑𝑥

∞

0

 

𝑒𝑥𝑝(𝜌0) =∫
𝑒𝑥𝑝 [ 𝜌2 (𝜇(1 + 𝜑)𝑥 + 

𝜌(1+𝜑)

2
 𝑥2)]

(𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥)𝜌1
 𝑑𝑥

∞

0

     … (48) 

Let 
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𝑢 = 𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥       , 𝑥 =
𝑢−𝜇(1+𝜑)

𝜌(1+𝜑)
         ,  𝑑𝑥 =  

1

𝜌(1+𝜑)
 𝑑𝑢 

 

𝑒𝑥𝑝(𝜌0) =  
1

𝜌(1 + 𝜑)
∫

𝑒𝑥𝑝[ 𝜌
2
(𝜇(1 + 𝜑)  (

𝑢−𝜇(1+𝜑)

𝜌(1+𝜑)
) + 

𝜌(1+𝜑)

2
(

(𝑢−𝜇(1+𝜑))
2

𝜌2(1+𝜑)2
))]

𝑢𝜌1
 𝑑𝑢

∞

𝜇(1+𝜑)

    

𝑒𝑥𝑝(𝜌0) = 
1

𝜌(1 + 𝜑)
∫

𝑒
−[− 𝜌2(

𝑢2− 𝜇2(1+𝜑)2

2𝜌(1+𝜑)
)]

𝑢𝜌1
 𝑑𝑢

∞

𝜇(1+𝜑)

 

𝑒𝑥𝑝(𝜌0) =  
𝑒

− 
 𝜌2 𝜇2(1+𝜑)

2𝜌
 

𝜌(1 + 𝜑)
∫

𝑒
−(− 

𝜌2 𝑢
2 

2 𝜌(1+𝜑)
)

𝑢𝜌1
 𝑑𝑢

∞

𝜇(1+𝜑)

        … (49) 

Now, we will solve  

∫
𝑒

−(− 
𝜌2 𝑢

2 

2𝜌(1+𝜑)
)

𝑢𝜌1
 𝑑𝑢

∞

𝜇(1+𝜑)

 

since 

∫
𝑒−𝐵 𝑥𝑎

𝑥𝑏
 𝑑𝑥 =  

Γ(𝑧, 𝐵𝑣𝑎)

𝑎 𝐵𝑧

∞

𝑣

                        ; 𝑣 > 0 

where  

𝑧 =
1 −  𝑏

𝑎
                  

If  𝑏 = 𝜌1   , 𝑎 = 2   , 𝐵 = − 
 𝜌2  

2 𝜌(1+𝜑)
   , 𝑣 = 𝜇(1 + 𝜑) 

𝑧 =
1 − 𝜌1

2
 

The result it: 

𝑒𝑥𝑝(𝜌0) =  
𝑒

− 
 𝜌2 𝜇2(1+𝜑)

2𝜌
 

𝜌(1 + 𝜑)
∫

𝑒
−(− 

𝜌2 𝑢
2 

2𝜌(1+𝜑)
)

𝑢𝜌1
 𝑑𝑢

∞

𝜇(1+𝜑)

 

                 =  
𝑒

− 
 𝜌2 𝜇2(1+𝜑)

2𝜌
 

𝜌(1 + 𝜑)

Γ[ 
1−𝜌1  

2
  ,   −  

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]

2 (− 
𝜌2 

2 𝜌(1+𝜑)
)

1−𝜌1 

2

           … (50) 

Since 

Γ(𝑎 , 𝑥) = (𝑎 − 1)! 𝑒−𝑥 ∑
𝑥𝑚

𝑚!

𝑎−1

𝑚=0

 

𝛤 [ 
1 − 𝜌1  

2
 , − 

𝜌2 𝜇
2(1 + 𝜑)

2 𝜌
] = (

1 − 𝜌1 

2
− 1) ! 𝑒

𝜌2 𝜇
2(1+𝜑)

 2𝜌 ∑  
[− 

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚

𝑚!

1−𝜌1 

2
 −1 

𝑚=0

       … (51) 

Substituting equation (51) in equation (50) yields:     

𝑒𝑥𝑝(𝜌0) =
(

1−𝜌1 

2
− 1) ! ∑  

[− 
𝜌2 𝜇

2(1+𝜑)

2 𝜌
]𝑚

𝑚!

−𝜌1−1 

2
 

𝑚=0  

2 𝜌(1 + 𝜑) (− 
𝜌2 

2 𝜌(1+𝜑)
)
1−𝜌1 

2

            … (52) 

 

Stage 3: Derivation of the entropy function of the distribution.  

Substituting equation (52) in equation (46) yields: 
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𝑓(𝑥) =
2 𝜌(1 + 𝜑) (− 

𝜌2 

2 𝜌(1+𝜑)
)
1−𝜌1 

2  (𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥)−𝜌1  𝑒[𝜌2(𝜇(1+𝜑)𝑥 + 
𝜌(1+𝜑)

2
𝑥2)]

(
1−𝜌1 

2
− 1) ! ∑  

[ − 
𝜌2 𝜇

2(1+𝜑)

 2 𝜌
]𝑚

𝑚!

−𝜌1−1 

2
 

𝑚=0  

       … (53) 

Taking the natural logarithm, thus we get: 
ln 𝑓(𝑥) = ln(2 𝜌)

+ 𝑙𝑛(1 + 𝜑) +(
1 − 𝜌1

2
) 𝑙𝑛(− 𝜌2 ) − (

1 − 𝜌1

2
) 𝑙𝑛(2 𝜌) − (

1 − 𝜌1

2
) 𝑙𝑛(1 +  𝜑)

−  𝜌1  𝑙𝑛(𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥) + [𝜌2 (𝜇(1 +  𝜑)𝑥 + 
𝜌(1 + 𝜑)

2
𝑥2)] − 𝑙𝑛 (

1 − 𝜌1 

2
− 1) !

−  𝑙𝑛 ∑  
[ − 

𝜌2 𝜇
2(1+𝜑)

2𝜌
]𝑚

𝑚!

−𝜌1−1 

2
 

𝑚=0

                    … (54) 

Depending on equation 

𝑆ℎ = −∫ 𝑙𝑛 𝑓(𝑥) 𝑓(𝑥) 𝑑𝑥     

∞

0

 

𝑆ℎ = − 𝑙𝑛(2 𝜌) − 𝑙𝑛(1 + 𝜑) −(
1 − 𝜌1

2
) 𝑙𝑛(− 𝜌2 )  

+ (
1 − 𝜌1

2
) 𝑙𝑛(2 𝜌)

+ (
1 − 𝜌1

2
) 𝑙𝑛(1 +  𝜑) +  𝜌1𝐸 [𝑙𝑛(𝜇(1 +  𝜑) + 𝜌(1 + 𝜑)𝑥)] −  𝜌2𝜇(1 + 𝜑) 𝐸 (𝑥) −

𝜌2 𝜌 (1 + 𝜑)

2
𝐸(𝑥2)  

+  𝑙𝑛 (
1 − 𝜌1 

2
− 1) ! + 𝑙𝑛 ∑  

[ − 
𝜌2 𝜇

2(1+𝜑)

2𝜌
]
𝑚

𝑚!

−𝜌1−1 

2
 

𝑚=0

           … (55) 

 

Stage 4: Derivation of the relative among the Lagrange multiplier and the restraints. 

To maximize equation (55) We derive it partially with respect to 𝜇, 𝜌  and 𝜑  and then we set it equal to zero to 

produce, 

𝜕𝑆ℎ𝑀𝐸

𝜕𝜇
= 𝜌1𝐸 (

1 + 𝜑

 𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥 
) − 𝜌2(1 + 𝜑) 𝐸(𝑥) + 

∑
𝑚[ − 

𝜌2 𝜇 (1+𝜑)

𝜌
] [ −  

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚−1

𝑚!

−𝜌1−1 

2
 

𝑚=0

∑  
[− 

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚

𝑚!

−𝜌1−1 

2
 

𝑚=0

= 0    … (56) 

 

𝜕𝑆ℎ𝑀𝐸

𝜕𝜌
=  

1 − 𝜌1

2 𝜌
−

1

𝜌
+ 𝜌1𝐸 (

(1 + 𝜑)𝑥

 𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥 
) –

𝜌
2 
(1 + 𝜑)

2
𝐸(𝑥2 ) + 

∑
𝑚[ 

𝜌2 𝜇
2(1+𝜑) 

2 𝜌2  ][−  
𝜌2 𝜇

2(1+𝜑)

2 𝜌
]

𝑚−1

𝑚!

−𝜌1−1 

2
 

𝑚=0

∑  
[− 

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚

𝑚!

−𝜌1−1 

2
 

𝑚=0

 = 0  … (57) 

𝜕𝑆ℎ𝑀𝐸

𝜕𝜑
=

1 − 𝜌1

2(1 + 𝜑)
−

1

1 + 𝜑
+ 𝜌1𝐸 (

𝜇 + 𝜌𝑥

 𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥 
) − 𝜌2𝜇 𝐸(𝑥)   −

𝜌2 𝜌

2
𝐸(𝑥2 )

+  
∑

𝑚[− 
𝜌2 𝜇

2 

2 𝜌
 ][−  

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚−1

𝑚!

−𝜌1−1 

2
 

𝑚=0

∑  
[− 

𝜌2 𝜇
2(1+𝜑)

2𝜌
]
𝑚

𝑚!

−𝜌1−1 

2
 

𝑚=0

 = 0          … (58) 

Since 

𝐸(𝑋) = ∑ 𝑥. 𝑝(𝑋 = 𝑥)

𝑎𝑙𝑙 𝑥

 

Since 
 𝑝(𝑋 = 𝑥) = 1 
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𝐸 (
1 + 𝜑

 𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥 
) ≅ ∑

1 + 𝜑

 𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥𝑞  

𝑤

𝑞=1

      … (59) 

𝐸 (
(1 + 𝜑)𝑥

 𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥 
) ≅ ∑

(1 + 𝜑)𝑥𝑞

 𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥𝑞  

𝑤

𝑞=1

     … (60) 

𝐸 (
𝜇 + 𝜌𝑥

 𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥 
) ≅ ∑

𝜇 + 𝜌𝑥𝑞

 𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥𝑞 

𝑤

𝑞=1

    … (61) 

𝐸(𝑥) = ∑ 𝑥𝑞

𝑤

𝑞=1

      … (62) 

𝐸(𝑥2 ) ≅ ∑ 𝑥𝑞
2

𝑤

𝑞=1

        … (63) 

Substituting equations (59), (60), (61), (62) and (63) in equations (56), (57) and (58) we get: 

𝜕𝑆ℎ𝑀𝐸

𝜕𝜇
= 𝜌1(1 + 𝜑) ∑

1

 𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥𝑞 

𝑤

𝑞=1

− 𝜌2(1 + 𝜑) ∑ 𝑥𝑞

𝑤

𝑞=1

+ 
∑

𝑚[ − 
𝜌2 𝜇 (1+𝜑)

𝜌
] [ −  

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚−1

𝑚!

−𝜌1−1 

2
 

𝑚=0

∑  
[− 

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚

𝑚!

−𝜌1−1 

2
 

𝑚=0

= 0   … (64) 

𝜕𝑆ℎ𝑀𝐸

𝜕𝜌
=

1 − 𝜌1

2 𝜌
−

1

𝜌
+ 𝜌1(1 + 𝜑) 

∑
𝑥𝑞

𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥𝑞 

𝑤

𝑞=1

 −
𝜌2 (1 + 𝜑)

2
∑ 𝑥𝑞

2

𝑤

𝑞=1

 +  
∑

𝑚[ 
𝜌2 𝜇

2(1+𝜑) 

2 𝜌2  ][−   
𝜌2 𝜇

2(1+𝜑)

2𝜌
]
𝑚−1

𝑚!

−𝜌1−1 

2
 

𝑚=0

∑  
[− 

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚

𝑚!

−𝜌1−1 

2
 

𝑚=0

 

=  0     … (65) 

𝜕𝑆ℎ𝑀𝐸

𝜕𝜑
=

1 − 𝜌1

2(1 + 𝜑)
−

1

1 + 𝜑
+ 𝜌1 ∑

𝜇 + 𝜌𝑥𝑞

 𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥𝑞 

𝑤

𝑞=1

− 𝜌2𝜇 ∑ 𝑥𝑞

𝑤

𝑞=1

− 
𝜌2 𝜌

2
∑ 𝑥𝑞

2

𝑤

𝑞=1

  

+   
∑

𝑚[− 
𝜌2 𝜇

2 

2 𝜌
 ][−  

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚−1

𝑚!

−𝜌1−1 

2
 

𝑚=0

∑  
[− 

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚

𝑚!

−𝜌1−1 

2
 

𝑚=0

 = 0                 … (66) 

And by solving equations (64), (65) and (66) we get the 𝑀𝐸 estimators denoted by �̂�𝑀𝐸, �̂�𝑀𝐸 and �̂�𝑀𝐸. Since 

these equations are non-linear, so, Newton – Raphson process can be used to get the resolve as follows such 

that ℎ = 0,1,2, … 

[

�̂�𝑀𝐸
(ℎ+1)

�̂�𝑀𝐸
(ℎ+1)

�̂�𝑀𝐸
(ℎ+1)

] = [

�̂�𝑀𝐸
(ℎ)

�̂� 𝑀𝐸

�̂�𝑀𝐸 
(ℎ)

(ℎ) ] − 𝒥(ℎ)
−1

[
 
 
 
 
 
 
𝜕𝑆ℎ𝑀𝐸

𝜕𝜇 

𝜕𝑆ℎ𝑀𝐸

𝜕𝜌

𝜕𝑆ℎ𝑀𝐸

𝜕𝜑 ]
 
 
 
 
 
 

𝜇=�̂�𝑀𝐸 
(ℎ)

𝜌=�̂� 𝑀𝐸 

𝜑=�̂�𝑀𝐸 
(ℎ)

(ℎ)
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where 

𝒥(ℎ) =

[
 
 
 
 
 
 
𝜕2𝑆ℎ𝑀𝐸

𝜕𝜇2
      

𝜕2𝑆ℎ𝑀𝐸

𝜕𝜇𝜕𝜌
    

𝜕2𝑆ℎ𝑀𝐸

𝜕𝜇𝜕𝜑
 

𝜕2𝑆ℎ𝑀𝐸

𝜕𝜌𝜕𝜇
      

𝜕2𝑆ℎ𝑀𝐸

𝜕𝜌2
     

𝜕2𝑆ℎ𝑀𝐸

𝜕𝜌𝜕𝜑

𝜕2𝑆ℎ𝑀𝐸

𝜕𝜑𝜕𝜇
      

𝜕2𝑆ℎ𝑀𝐸

𝜕𝜑𝜕𝜌
     

𝜕2𝑆ℎ𝑀𝐸

𝜕𝜑2
 ]

 
 
 
 
 
 

𝜇=�̂�𝑀𝐸 
(ℎ)

𝜌=�̂� 𝑀𝐸 

𝜑=�̂�𝑀𝐸 
(ℎ)

(ℎ)

 

Such that 

𝜕2𝑆ℎ𝑀𝐸

𝜕𝜇2
= −𝜌1(1 + 𝜑)2 ∑

1

 (𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥𝑞)
2
 

𝑤

𝑞=1

− 

[∑
𝑚[ −  

𝜌2 𝜇 (1+𝜑)

𝜌
 ][−  

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚−1

  

𝑚!
 

−𝜌1−1 

2
 

𝑚=0  ]

2

[  ∑  
[− 

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚

𝑚!
  

−𝜌1−1 

2
 

𝑚=0 ]

2

+ 
∑

𝑚(𝑚−1)[ 
𝜌2
2𝜇2(1+𝜑)2

 𝜌2  ][− 
𝜌2 𝜇

2(1+𝜑)

2 𝜌
]
𝑚−2

− 𝑚 [  
𝜌2 (1+𝜑)

𝜌
][− 

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚−1

 

𝑚!

−𝜌1−1 

2
 

𝑚=0

∑  
[− 

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚

𝑚!

−𝜌1−1 

2
 

𝑚=0
        … (67)

 

 
𝜕2𝑆ℎ𝑀𝐸

𝜕𝜌2
=

1

𝜌2
− 

1 − 𝜌1

2 𝜌2
− 𝜌1(1 + 𝜑)2 

∑
𝑥𝑖

2

 (𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥𝑞)
2
 

𝑤

𝑞=1

+
∑

𝑚(𝑚−1)[ 
𝜌2
2𝜇4(1+𝜑)2

4 𝜌4  ][− 
𝜌2 𝜇

2(1+𝜑)

2 𝜌
]
𝑚−2

− 𝑚[  
𝜌2 𝜇

2(1+𝜑)

𝜌3 ][− 
𝜌2 𝜇

2(1+𝜑)

2 𝜌
]
𝑚−1

 

𝑚!

−𝜌1−1 

2
 

𝑚=0

∑  
[− 

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚

𝑚!

−𝜌1−1 

2
 

𝑚=0

− 

[∑  
𝑚[   

𝜌2 𝜇
2(1+𝜑)

2 𝜌2  ][−  
𝜌2 𝜇

2(1+𝜑)

2 𝜌
]
𝑚−1

  

𝑚!
 

−𝜌1−1 

2
 

𝑚=0  ]

2

[ ∑  
[− 

𝜌2 𝜇
2(1+𝜑)

2𝜌
]
𝑚

𝑚!
  

−𝜌1−1 

2
 

𝑚=0 ]

2        … (68) 
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𝜕2𝑆ℎ𝑀𝐸

𝜕𝜑2
=

1

(1 + 𝜑)2
−

1 − 𝜌1

2(1 + 𝜑)2
− 𝜌1 ∑

(𝜇 + 𝜌𝑥𝑞)
2

 [𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥𝑞]
2
 

𝑤

𝑞=1

  

+
∑

𝑚(𝑚−1)[ 
𝜌2

2𝜇4

4 𝜌2  ][– 
𝜌2 𝜇

2(1+𝜑)

2 𝜌
]
𝑚−2

 

𝑚!

−𝜌1−1 

2
 

𝑚=0

∑  
[− 

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚

𝑚!

−𝜌1−1 

2
 

𝑚=0

− 

[∑  
𝑚[− 

𝜌2 𝜇
2

2 𝜌
 ][−  

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚−1

  

𝑚!
 

−𝜌1−1 

2
 

𝑚=0  ]

2

[ ∑  
[− 

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚

𝑚!
  

−𝜌1−1 

2
 

𝑚=0 ]

2      … (69) 

𝜕2𝑆ℎ𝑀𝐸

𝜕𝜇𝜕𝜌
=

𝜕2𝑆ℎ𝑀𝐸

𝜕𝜌𝜕𝜇

= −𝜌1(1 + 𝜑)2 ∑
𝑥𝑞

 [𝜇(1 + 𝜑) + 𝜌(1 + 𝜑)𝑥𝑞]
2
 

𝑤

𝑞=1

+
∑

𝑚(𝑚−1)[− 
𝜌2
2𝜇3(1+𝜑)2

2 𝜌3  ][− 
𝜌2 𝜇

2(1+𝜑)

2 𝜌
]

𝑚−2

+𝑚[  
𝜌2 𝜇 (1+𝜑)

𝜌2 ][− 
𝜌2 𝜇

2(1+𝜑)

2 𝜌
]

𝑚−1

 

𝑚!

−𝜌1−1 

2
 

𝑚=0

∑  
[− 

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚

𝑚!

−𝜌1−1 

2
 

𝑚=0

 

−  
∑  

𝑚[ −  
𝜌2 𝜇 (1+𝜑)

𝜌
 ][−  

𝜌2 𝜇
2 (1+𝜑)

2 𝜌
]

𝑚−1

  

𝑚!
 ∑  

𝑚[  
𝜌2 𝜇

2(1+𝜑)

2 𝜌2  ][−  
𝜌2 𝜇

2 (1+𝜑)

2 𝜌
]

𝑚−1

  

𝑚!
 

−𝜌1−1 

2
 

𝑚=0

−𝜌1−1 

2
 

𝑚=0

[ ∑  
[− 

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚

𝑚!
  

−𝜌1−1 

2
 

𝑚=0
]

2    … (70) 

𝜕2𝑆ℎ𝑀𝐸

𝜕𝜇𝜕𝜑
=

𝜕2𝑆ℎ𝑀𝐸

𝜕𝜑𝜕𝜇
 

=
∑

𝑚(𝑚−1)[ 
𝜌2

2 𝜇3(1+𝜑)

2 𝜌2  ][− 
𝜌2 𝜇

2(1+𝜑)

2 𝜌
]
𝑚−2

−𝑚[  
𝜌2 𝜇 

𝜌
][− 

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚−1

 

𝑚!

−𝜌1−1 

2
 

𝑚=0

∑  
[− 

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚

𝑚!

−𝜌1−1 

2
 

𝑚=0

− 
∑  

𝑚[ −  
𝜌2 𝜇

2

2 𝜌
 ][−  

𝜌2 𝜇
2 (1+𝜑)

2 𝜌
]
𝑚−1

  

𝑚!
 ∑  

𝑚[− 
𝜌2 𝜇 (1+𝜑)

𝜌
 ][−  

𝜌2 𝜇
2 (1+𝜑)

2 𝜌
]
𝑚−1

  

𝑚!
 

−𝜌1−1 

2
 

𝑚=0

−𝜌1−1 

2
 

𝑚=0

[ ∑  
[− 

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚

𝑚!
  

−𝜌1−1 

2
 

𝑚=0 ]

2 −𝜌
2
∑ 𝑥𝑞

𝑤

𝑞=1

   … (71) 
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𝜕2𝑆ℎ𝑀𝐸

𝜕𝜑𝜕𝜌
=

𝜕2𝑆ℎ𝑀𝐸

𝜕𝜌𝜕𝜑

=
∑

𝑚(𝑚−1)[− 
𝜌2
2 𝜇4(1+𝜑)

4 𝜌3  ][– 
𝜌2 𝜇

2(1+𝜑)

2 𝜌
]

𝑚−2

+𝑚[  
𝜌2 𝜇

2 

2 𝜌2 ][− 
𝜌2 𝜇

2(1+𝜑)

2 𝜌
]

𝑚−1

 

𝑚!

−𝜌1−1 

2
 

𝑚=0

∑  
[− 

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚

𝑚!

−𝜌1−1 

2
 

𝑚=0

− 
∑  

𝑚[   
𝜌2 𝜇

2 (1+𝜑)

2 𝜌2  ][−  
𝜌2 𝜇

2 (1+𝜑)

2 𝜌
]
𝑚−1

  

𝑚!
 ∑  

𝑚[− 
𝜌2 𝜇

2

2 𝜌
 ][−  

𝜌2 𝜇
2 (1+𝜑)

2 𝜌
]
𝑚−1

  

𝑚!
 

−𝜌1−1 

2
 

𝑚=0

−𝜌1−1 

2
 

𝑚=0

[ ∑  
[− 

𝜌2 𝜇
2(1+𝜑)

2 𝜌
]
𝑚

𝑚!
  

−𝜌1−1 

2
 

𝑚=0
]

2 − 
𝜌2

2
∑ 𝑥𝑞

2

𝑤

𝑞=1

           … (72) 

Now, Now, based on an invariant property of the 𝑀𝐸 estimator, the reliability function at mission time (t) of 

the 𝑀𝑊𝐸𝑅 distribution can be obtained by replacing 𝜇, 𝜌 and 𝜑  in equation (3), by their 𝑀𝐸 estimators as 

follows: 

ℛ̂𝑀𝐸(𝑡; 𝜇, 𝜌, 𝜑) = exp (−(�̂�𝑀𝐸(1 + �̂�𝑀𝐸)𝑡 + 
�̂�𝑀𝐸(1 + �̂�𝑀𝐸)

2
 𝑡2))     … (73) 

 

3. Recommendations 

For future studies, one can put the following recommendations: 

i. Using same estimation methods and applying simulation studies or applications with different real-

life data sets to evaluate the performance of the anonymous parameters and reliability function of 

𝑀𝑊𝐸𝑅 distribution. 

ii. Using complete (censored) data to estimate the anonymous parameters and reliability function of 

𝑀𝑊𝐸𝑅 distribution taking into account changing: estimation methods, approximation technique. 

iii. From a different continuous probability distribution used same estimation methods. 
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