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1. Introduction  

Recently, the scientific and mathematical efforts of 

developing a new probability distribution have been 

carried out to take advantage of these distributions 

in several mathematical applications and different 

life fields. A new family of probability distributions 

has been introduced in several kinds of literature by 

adding new parameters to the basic and original 

distribution [1-4]. Some approaches to crating the 

new distribution are based on taking the benefit of 

the classical and basic distributions, such as 

exponential, Rayleigh, Weibull, or any other 

distributions of lifetime distributions and adding 

other parameters in order to increase the flexibility 

of the suggested distribution [5],[6]. A proposed   

method for calculating the reliability function of the 

stress-strength models of the power Lomax 

distribution has been carried out using various 

estimation methods in [7]. Two new distributions as 

special cases of the Exponentiated Lomax 

Distribution, forming a modified and restricted 

exponentiated Lomax distribution, were introduced 

in [8]. Several researchers have expanded the extent 

of the Weibull distribution and introduced a mixture 

of distributions in a newer area of study that has 

gained significant traction in statistical research 

articles, particularly in reliability analysis 

applications [9-13]. The distribution elucidates the 

methodology for combining Weibull distributions 

using a mixing Weibull distribution and adding two 

parameters that denote the proportions of the 

amalgamation of the two components of Weibull 

distributions that have been introduced in [14]. 

Other researchers presented a model of combining 

Poisson and Weibull distributions to analyze 

consumer behavior and its characteristics [15]. A new 

distribution by forming a log-logistic distribution 

with a Weibull distribution as a mechanism for 

generating composition distribution has been 

discussed in [16]. The updated model used the ratio 

of two separate random variables as a novel lifespan 

model that has been presented in [17]. Two new 

distributions were introduced as a special case of the 

Exponentiated Lomax Distribution, forming a family 

for the Exponential Lomax Distribution that was 

included in [18].  In this article a new lifetime 

distribution called the IDAL distribution with three 

parameters has been proposed to provide greater 

flexibility and efficiency in utilizing this distribution 

in different area of statistical studies and various 

mathematical fields, such as reliability analysis. The 

proposed methodology involved the estimation and 

simulation process of the three parameters of our 

new distribution using three methods: MLE, OLS, 

and proposed OLS, and a comparison between the 

obtained results via the MSE criterion to realize the 

best method and investigate the performance of the 

proposed distribution. 
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2. Genesis of IDAL Distribution  

We constructed our new distribution, the IDAL 

Distribution, by adding the shape parameter to the 

Exponential Weibull Distribution and studied its 

properties in research [18]. It is possible to describe 

the proposed IDAL distribution family as depicted in 

Figure 1.

 

 

 
 

Figure 1. Relationship of IDAL Distribution with some distribution. 

 

Hence, the probability density function (p.d.f.) of 

IDAL distribution is  

𝑓(𝑥, 𝛼, 𝛽, 𝜆) = (
𝛽

𝛼
𝑥

1

𝛼
−1 +

𝜆

𝛼
𝑥

𝜆

𝛼
−1) 𝑒

−(𝛽𝑥
1
𝛼+𝑥

𝜆
𝛼)

      x

> 0    … (1) 
Ω = {(𝛼, 𝛽, 𝜆): 𝛼, 𝜆, 𝛽 >0, where 𝛼 and 𝜆 are the shape 

parameter and 𝛽 is scale parameter.             

 The cumulative distribution function (C.D.F.) of the 

IDAL Distribution is: 

𝐹(𝑥, 𝛼, 𝜆, 𝛽) = 1 − 𝑒−
(𝛽𝑥

1
𝛼+𝑥

𝜆
𝛼)

       … (2) 
The reliability function of the IDAL Distribution is:     

𝑅(𝑥; 𝛼, 𝜆, 𝛽) = 1 − 𝐹(𝑥; 𝛼, 𝜆𝛽) = 𝑒
−(𝐵𝑥

1
𝛼+𝑥

λ
𝛼)

   𝑥
> 0      … (3) 
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3. Application Some Estimation Methods for IDAL 

Distribution  

This section will employ various estimating 

approaches for IDAL distribution, including the 

maximum likelihood method, the least squares 

method, and the proposed least squares method. 
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These strategies are utilized to forecast the optimal 

performance of the existing system as follows. 

 

3.1. Maximum Likelihood Method (MLE) 

The maximum likelihood method has a lot of 

important properties in comparison with other 

methods, so statisticians almost prefer it in many 

statistical applications [19]. Let   (x1, x2,…. , xn) ; be 

random variable samples for sizes n. The probability 

density function for IDAL distribution will be
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Taking the natural loglikelihood function is: 
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Taking the derivative for the obtained Ln function with respect to parameters (α), (β) and (λ) respectively and 
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     … (24)  

 

3.1   The suggested Ordinary Least Square Error Method (S.O.L.S) 

In section 2.2, we used the classical Least Square Error Method to estimate the parameters. In this section, we 

propose the least square error method via the reliability function instead of the cumulative distribution and 

empirical (c.d.f.) functions, as follows: ∑  𝑛
𝑖=1  𝜖𝑖

2 = ∑  𝑛
𝑖=1   [𝑅̂(𝑡𝑖) − 𝑅(𝑡𝑖)]

2
   

 ∑  

𝑛
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2 = ∑  
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𝛼̂)
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𝛼̂)
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4. Simulation study  

In this section, we will compare the performance of methods such as Maximum Likelihood, Least Square, and 

Suggested Least Square, using Monte-Carlo simulation to estimate the three parameters for the IDAL function 

distribution, based on mean squared errors 𝑀𝑆𝐸(𝜑) = ∑ (𝜑𝑖 − 𝜑)2/𝑛𝑛
𝑖=1 . Using unlike sample sizes n= (10, 20, 

30, 50, 100) to represent small, moderate, and large sample sizes for IDAL function distribution and biltong 

1000 replication [20]. We obtain the result shown in the following tables and figures. 
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Figure 2: The minimum mean square error for (𝛼) 
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Figure (3) The minimum mean square error for (𝛽) 
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Figure 4: The minimum mean square error for (𝜆) 

 

 

5. Numerical results 

The simulations for the estimators of the parameters 

model of the IDAL distribution gave a significant 

numerical result as it was tested with sample sizes of 

10, 20, 30, 50, and 100. It can be drawn from the 

obtained results in Tables 1, 2, and 3 that the least 

squares method estimates provide the best 

performance in all estimations, with mention that 

the MLE in β is considered the best method according 

to the comparison indicators. It can be noted from  

Figures 2, 3, and 4 that the best estimation result 

was (1.66E-05) for the simulation case (𝛼 = 0.25, 𝛽 =
2, 𝜆 = 0.3, 𝑛 = 20 ) using the estimation method  

(OLS), and the best estimation result was (1.47E-11) 

for the simulation case (𝛼 = 0.75, 𝛽 = 2, 𝜆 = 0.1, 𝑛 =
100) using  the (MLE) estimation method.  

 

6. Conclusion 

We have suggested a novel distribution and 

investigated its mathematical properties. The 

classical estimating methods have been addressed in 

this work to estimate the three unknown parameters 

of the proposed distribution. In comparison between 

the employed methods, it has been mentioned that 

the least squares method is considered the most 

effective method for estimating the parameters in all 

implemented cases, as it has the lowest mean square 

error (MSE). 
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